Most of the results about the L-shapes of double-loop networks are given in terms of the four parameters , h, p, n. But these parameters are not well defined in the degenerate case. Recently, Cheng and Hwang gave an efficient algorithm to compute the four parameters , h, p, n of an L-shape which works for both the regular and the degenerate cases. On the other hand, Chen and Hwang gave a set of rules to determine the four parameters of a degenerate L-shape. Unfortunately, the solutions given by the above two methods do not always coincide. In this thesis, we try to understand their respective meanings and their relations. 
Introduction
The double-loop network has been well studied (see [7] for a recent survey) as the topology We assume that the weight of each of the 2N links is 1 and assume that gcd(N, a, b) = 1 so that the network is strongly connected.
The minimum distance diagram (MDD) of DL(N ; a, b) is a diagram with node 0 in cell (0, 0), and node v in cell (i, j) if and only if ia + jb ≡ v (mod N ) and i + j is the minimum among all (i , j ) satisfying the congruence. Namely, a shortest path from 0 to v is through taking i a-links and j b-links (in any order). Note that in a cell (i, j), i is the column index and j is the row index. An MDD includes every node exactly once (in case of two shortest paths, the convention is to choose the cell with the smaller row index, i.e., the smaller j).
Since DL(N ; a, b) is clearly node-symmetric, there is no loss of generality in assuming: node 0 is the origin of a path.
Wong and Coppersmith (WC) [9] proved that the MDD of DL(N ; a, b) (their proof for DL(N ; 1, h) is easily extended to the general case) is always an L-shape which can be characterized by four parameters , h, p, n (see Fig. 1 (a) ). These four parameters are the lengths of four of the six segments on the boundary of the L-shape. Clearly,
In [2] , Chen and Hwang showed that necessarily > n and h ≥ p. Most of the results about the L-shape are given in terms of the four parameters , h, p, n.
But these parameters are not well defined in the degenerate case. Recently, Cheng and Hwang [5] gave an O(log N )-time algorithm to compute the four parameters , h, p, n of an L-shape which works for both the regular and the degenerate cases. On the other hand, Chen and Hwang [3] gave a set of rules to determine the four parameters of a degenerate L-shape.
Unfortunately, the solutions given by the above two methods do not always coincide. In this thesis, we try to understand their respective meanings and their relations. Since it is also of interest to know when will an L-shape degenerate, in this thesis we give necessary and sufficient conditions depending on N , a, and b only.
Necessary and sufficient conditions for degenerate L-shapes
The following five notations will be used throughout this thesis:
Since gcd(N, a, b) = 1, clearly gcd(d, d ) = 1. Chen and Hwang [3] proved
A degenerate L-shape of height h and width satisfies one of the following three conditions:
We now prove (2) or (3). We first prove two claims.
Proof of Claim 1. Let a = αd for some integer α. Note that the L-shape being degenerate Proof of Claim 2. Since this proof is similar to that of Claim 1, we omit it.
We now prove the necessity of this theorem. First, assume the L-shape satisfies condition 
Therefore j = 0 for otherwise (h − j)b would be the first element. Also, i ≥ 1 for otherwise
holds. The above discussion also shows that (1) implies (C1), i.e., (1) ⇒ (C1).
Next, assume the L-shape satisfies condition (2) . Then the argument is similar except at the end we have
The reason for the strict inequality that i + j < is by our construction on tie-breaking in defining the MDD. Thus (C2) holds. So (2) ⇒ (C2). 
Necessarily,
The proof of (C2) is similar to that of (C1). Finally, assume that (C3) is satisfied. Then
Remarks. From the proof of Theorem 2, when an L-shape( , h, p, n) degenerates into a rectangle, it is reasonable to set to the width and h to the height of the rectangle. Moreover, it is reasonable to set p = 0 or n = 0 since N = h − pn and h = N hold simultaneously.
Strongly isomorphic double-loop networks and degenerate L-shapes
The following property was proved in [1] . 
. It is well known that two strongly isomorphic double-loop networks realize the same L-shape. The following property greatly simplifies the proofs in the remaining sections.
Proof. This theorem follows from Lemma 4.
In the following, we characterize a degenerate L-shape by the four independent parameters , h, p, n. Set Let s 0 be the integer with
Let s −1 = N and define q i , s i , recursively (by the Euclidean algorithm) as follows:
Define integers U i by U −1 = 0, U 0 = 1, and
By induction, 
Let u be the largest odd integer such that d <
End-of-CHENG-HWANG-ALGORITHM. 
So we have
Proof. By (4.3) and (4.4),
We prove the general case by induction on i. Assume this lemma holds for i ≤ t.
Thus by induction,
Since (−1)
Hence the lemma. 
Theorem 9 If DL(N ; a, b) satisfies (C1), then CH-ALGO derives an L-shape of shape (S2) with ( , h, p, n) = (N , d, i, 0); (C2), then CH-ALGO derives an L-shape of shape (S1) with
( , h, p, n) = (d , j + d −j N d N d , d , j + ( d −j N d − 1) N d ) if j < N 2d ; (S3) with ( , h, p, n) = (d , N d , 0, j) if j ≥ N 2d
; (C3), then CH-ALGO derives an L-shape of shape (S1) with
( , h, p, n) = (d , d d d, d , ( d d − 1)d) if d < d ; (S5) with ( , h, p, n) = (d , d, d , 0) if d > d .
Proof. First suppose DL(N ; a, b) satisfies (C1). Then there exists 1
Since gcd (N , b ) = gcd(N , b) = gcd(N, b) and gcd(N, b) 
Since k is either odd or even, there are two cases:
Since U k < U k+1 and U k+1 = N , we therefore have U k < N . Since j < N/d , we then have
So the L-shape is of shape (S1) and
Since k is odd and {U i } k+1 i=−1 are strictly increasing, we clearly have
Case 2. k is even.
Then
By (4.3), (4.4) and by the fact that q k+1 ≥ 2 and d > j,
In other words,
So the L-shape is of shape (S3) and
Note that since U k−1 ≥ 0 and q k+1 ≥ 2,
Note that when k is even, we have j ≥ 
Thus the L-shape is of shape (S1) with
Thus the L-shape is of shape (S5) with
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Chen-Hwang's rule
Chen and Hwang [3] gave a set of rules (CH-RULE in short) to determine the parameters , h, p, n for a degenerate L-shape. Their rules always set to the width and h to the height of the degenerate L-shape. We now briefly describe their rules.
CHEN-HWANG-RULE.
(i) Suppose hb ≡ a ≡ 0 (mod N ). Let the zero immediately above the L-shape occurs at column j. Then
(ii) Suppose a ≡ hb ≡ 0 (mod N ). Let the zero immediately to the right of the L-shape occurs at row i. Then
If h > , follow rule (i); otherwise, follow rule (ii).
End-of-CHEN-HWANG-RULE.
The , h, p, n chosen by CH-RULE satisfy the basic congruence equations in (3.2). Fig. 3 illustrates these rules. 
Proof. 
Then h > . So CH-RULE follows rule (i) and
; the L-shape is of shape (S5).
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6 The relations between CH-ALGO and CH-RULE Both CH-ALGO and CH-RULE determine the four parameters , h, p, n for a degenerate Lshape. Unfortunately, the solution of ( , h, p, n) using CH-RULE [3] does not always coincide with the values given by the CH-ALGO. For the example in Fig. 3 (b From Theorem 9 and Theorem 10, we know that CH-ALGO will not derive an L-shape of shape (S4) or (S6) or (S7) and CH-RULE will not derive an L-shape of shape (S1) or (S4) or (S7). We now further explain the reason below. CH-ALGO will not derive an L-shape of shape (S4) or (S6) because it always has
is strictly increasing, U −1 = 0 and u ≥ −1). Also, CH-ALGO will not derive an L-shape of shape (S7) since if n = d(U u + vU u+1 ) = 0, then u = −1 and v = 0 and therefore p = s u − (v + 1)s u+1 = s −1 − s 0 > 0, a contradiction to the assumption that the L-shape is of shape (S7). CH-RULE will not derive an L-shape of shape (S1) or (S4) since it always sets to the width and h to the height of the degenerate L-shape. Also CH-RULE will not derive an L-shape of shape (S7) since it always has n and p not both zero. We now summarize the results of Theorem 9 and Theorem 10 in Table 1 and compare the degenerate shapes derived by CH-ALGO and CH-RULE in Table 2 .
The following three corollaries follow from Theorem 9 and Theorem 10. Hwang and Liu transformed a mixed chordal ring network into a double-loop network and derived an upper bound for the diameter of a mixed chordal ring network from the L-shape of its corresponding double-loop network (see [4] for details). However, the parameters , h, p, n are not well defined in the degenerate case. In particular, both Cheng-Hwang [5] and Chen-Hwang [3] determine the four parameters for a degenerate L-shape. Unfortunately, the solutions given by the above two methods do not always coincide. In this paper, we have explored the respective meanings and the relations between these two sets of solutions.
